Seshadri constants, introduced by Demailly, measure the local positivity of a nef divisor at a point. In this paper, we compute the Seshadri constants of the anticanonical divisors of Fano manifolds with coindex at most three at a very general point. As a consequence, we show that if X is a smooth Fano threefold which is very general in its deformation family, then ε(X, −K X ; x) = 1 for a very general point x if and only if it is of index one and | − K X | is not basepoint free.
Let L be a nef line bundle over a n-dimensional projective normal variety X. In [Dem92] , Demailly introduced an interesting invariant which measures the local positivity of L at a point x ∈ X.
1.1. Definition. Let X be a projective normal variety and let L be a nef line bundle on X. To every smooth point x ∈ X, we attach the number
which is called the Seshadri constant of L at x. Here the infimum is taken over all irreducible curves C passing through x and ν(C, x) is the multiplicity of C at x.
have been many works in trying to give lower bound for this invariant. Ein and Lazarsfeld shows that if X is surface and L is ample, then ε(X, L; 1) ≥ 1 (see [EL93, Theorem] ). In higher dimension, Ein, Küchle and Lazarsfeld proved that ε(X, L; 1) ≥ 1/ dim(X) for any ample line bundle L over X (see [EKL95, Theorem 1] ) and this bound has been improved by Nakamaye in [Nak05] . In general, we have the following conjecture. Then ε(X, L; 1) ≥ 1.
If X is a n-dimensional Fano manifold, Bauer and Szemberg showed that ε(X, −K X ; 1) ≤ n + 1 with equality if and only if X is isomorphic to the projective space P n and this result is generalized by Liu and Zhuang recently to Q-Fano varieties in [LZ17] . On the other hand, as predicted by Conjecture 1.2, we shall have ε(X, −K X ; 1) ≥ 1. Thus it is natural to ask when the equality ε(X, −K X ; 1) = 1 holds. In dimension two, the Seshadri constants of the anticanonical divisors of del Pezzo surfaces are computed by Broustet in [Bro06] . Recall that the degree d of a del Pezzo surface is the number K 2 S and we have 1 ≤ d ≤ 9. (1) ε(S, −K S ; 1) = 1 if d = 1.
(2) ε(S, −K S ; 1) = 4/3 if d = 2.
(3) ε(S, −K S ; 1) = 3/2 if d = 3.
(4) ε(S, −K S ; 1) = 2 if 4 ≤ d ≤ 8.
(5) ε(S, −K S ; 1) = 3 if d = 9.
If X is a n-dimensional Fano manifold, recall that the index r X of X is defined to be the largest positive integer dividing −K X in Pic(X) and the divisor H such that −K X ∼ r X H is called the fundamental divisor of X. Moreover, the coindex of X is defined to be n + 1 − r X . As a direct corollary of Theorem 1. 3 , we see that ε(S, −K S ; 1) = 1 if and only if K 2 S = 1, or equivalently r S = 1 and | − K S | is not basepoint free. On the other hand, as predicted by Conjecture 1.2, we shall have ε(X, −K X ; 1) = r X ε(X, H; 1) ≥ r X . This inequality is confirmed in the case r X ≥ n − 2 or n ≤ 4 by Broustet (cf. [Bro09] ). In the following theorem, we give a slight generalization of this result as an application of the existence of good ladder proved in [Liu18] .
1.4. Theorem. Let X be a n-dimensional Fano manifold such that r X ≥ n − 3, then ε(X, −K X ; 1) ≥ r X .
As a consequence, if r X ≥ n − 3, then the condition ε(X, −K X ; 1) = 1 implies r X = 1. Moreover, in dimension three, we can classify very general Fano threefolds X with ε(X, −K X ; 1) = 1.
1.5. Theorem. Let X be a smooth Fano threefold which is very general in its deformation family. Then ε(X, −K X ; 1) = 1 if and only if r X = 1 and | − K X | is not basepoint free. More precisely, X is isomorphic to one of the following.
(1) The blow-up of V 1 along an elliptic curve which is an intersection of two divisors from | − 1 2 K V 1 |, where V 1 is a smooth del Pezzo threefold of degree one.
(2) P 1 × S 1 , where S 1 is a smooth del Pezzo surface of degree one.
Theorem 1.5 is actually a direct consequence of the explicit computation of the Seshadri constants of the anticanonical divisors of Fano manifolds with coindex at most 3. If X is a very general smooth Fano threefold with Picard number one, the Seshadri constant ε(X, −K X ; 1) is calculated by Ito via toric degenerations (see [Ito14, Theorem 1.8]) and we have ε(X, −K X ; 1) > 1 in this case. In higher dimension, we define ℓ X to be the minimal anticanonical degree of a covering family of minimal rational curves on X, so that ℓ X ∈ {2, · · · , n + 1}. Then we have ε(X, −K X ; 1) ≤ ℓ X by the definition.
1.6. Theorem. Let X be a n-dimensional Fano manifold, and let r X be its index. Assume moreover that r X ≥ max{2, n − 2}. Then passing through every point x ∈ X, there is a rational curve C such that −K X · C = r X . In particular, we have ε(X, −K X ; 1) = ℓ X = r X . Now it remains to consider Fano threefolds X such that ρ(X) ≥ 2 and r X = 1. Such manifolds are classified by Mori and Mukai in [MM81] and [MM03] . In the following theorem, we follow the numbering in [MM81] and [MM03] (see also Appendix I), and we denote by V d a smooth del Pezzo threefold of degree d (see [IP99, § 12.1]). 1.7. Theorem. Let X be a smooth Fano threefold with ρ(X) ≥ 2.
(1) ε(X, −K X ; 1)=1 if X carries a del Pezzo fibration of degree one. To be explicit, X is isomorphic to one of the following.
(1.1) The blow-up of V 1 with center an elliptic curve which is a complete intersection of two members of − 1 2 K V 1 (n o 1 in Table 2 ). (1.2) The product P 1 × S 1 (n o 8 in Table 5 ).
(2) ε(X, −K X ; 1) = 4/3 if X carries a del Pezzo fibration of degree two. To be precise, X is isomorphic to one of the following.
(2.1) A double cover of P 1 × P 2 whose branch locus is a divisor of bidegree (2, 4) (n o 2 in Table 2 ).
(2.
2) The blow-up of V 2 with center an elliptic curve which is a complete intersection of two members of − 1 2 K V 2 (n o 3 in Table 2 ). (2.3) The product P 1 × S 2 (n o 7 in Table 5 ).
(3) ε(X, −K X ; 1) = 3/2 if X carries a del Pezzo fibration of degree three. More precisely, X is isomorphic to one of the following.
(3.1) The blow-up of P 3 with center an intersection of two cubics (n o 4 in Table 2 ).
(3.
2) The blow-up of V 3 ⊂ P 4 with center a plane cubic on it (n o 5 in Table 2) . Table 3 ). (3.4) The product P 1 × S 3 (n o 6 in Table 5 ).
(4) ε(X, −K X ; 1) = 3 if X is isomorphic to the blow-up of P 3 along a smooth plane curve C of degree at most 3 (n o 28, 30, 33 in Table 2 ). (5) ε(X, −K X ; 1) = 2 if X lies in the other classes in Tables 2, 3 , 4 and 5.
Moreover, according to [Cha10, Lemma 2.2], if X is a Fano manifold such that −K X is very ample, then ε(X, −K X ; 1) = 1 if and only if (X, −K X ) is covered by lines (see Definition 3.1). As a consequence, if X is a smooth Fano threefold with Picard number one, then we have ε(X, −K X ; 1) > 1 if r X ≥ 2 or r X = 1 and g(X) ≥ 4, where g(X) is the genus of X. This leads us to propose the following conjecture.
1.8. Conjecture. Let X be a smooth Fano threefold with index r X = 1. Then ε(X, −K X ; 1) = 1 if and only if | − K X | is not basepoint free.
This paper is organized as follows. In Section 2, we recall some basic materials about pencil of surfaces. In Section 3, we investigate the rational curves of low degree on Fano manifolds, in particular, we establish the existence of covering family of lines on del Pezzo manifolds and Mukai manifolds. As an application, we will prove Theorem 1.4 and Theorem 1.6. In Section 4, we study the relation between the Seshadri constant of anticanonical divisors of Fano threefolds and del Pezzo fibrations of small degree. In particular, we prove Theorem 1.5. In Section 5, we work out all the Fano threefolds admitting a del Pezzo fibration of small degree. In particular, Theorem 1.7 will be proved. In Appendix I we recall the classification of smooth Fano threefolds with Picard number at least 3 due to Mori and Mukai and we calculate some invariants needed in this paper.
Acknowledgements. I want to thank Andreas Höring and Christophe Mourougane for their constant encouragements and supports. I also wound like to thank Amaël Broustet and Stéphane Druel for useful discussions and comments. Part of this paper was written while I stayed at Institut de Recherche Mathmatique de Rennes (IRMAR), I would like thank the institution for the hospitality and the support.
RATIONAL MAPS DEFINED BY DIVISORS
Let X be a smooth projective threefold, and let D be a Cartier divisor on X such that we have N : = h 0 (X, D) ≥ 2. We denote by Φ D the rational map defined by |D|, say
By Hironaka's big theorem, we can take successive blow-ups π : Y → X such that:
(1) Y is a projective manifold;
(2) the movable part |M| of |π * D| is basepoint free and the rational map α :
We have the following commutative diagram.
If dim(Γ) ≥ 2, a general member of |M| is a irreducible smooth surface by Bertini's theorem. We say that |D| is not composed with a pencil of surfaces. Case ( f p ). If dim(Γ) = 1, then a general fiber S of g is an irreducible smooth projective surface by Bertini's theorem. We may write
where S i are smooth fibers of g for all i. We say that |D| is composed with a pencil of surfaces. It is clear that a ≥ N − 1. Furthermore, a = N − 1 if and only if Γ ∼ = P 1 , and then we say that |D| is composed with a rational pencil of surfaces. In particular, if q(X) = 0, then Γ ∼ = P 1 since g(Γ) ≤ q(X).
4
Recall that a projective morphism f : X → C from a smooth projective threefold X onto a smooth curve C with connected fibers is called a del Pezzo fibration of degree d if its general fiber S is a del Pezzo surface of degree d. The following result is a simple criterion to determine whether a basepoint free linear system is composed with a pencil of surfaces.
2.1. Lemma. Let X be a smooth projective threefold. Let D be a divisor such that |D| is basepoint free. Then the following four statements are equivalent.
(1) |D| is composed with a pencil of surfaces.
(2) D 2 · S = 0 for any irreducible surface S ⊂ X.
(3) D 2 · A = 0 for any nef and big divisor A on X.
(4) D 2 · A = 0 for some nef and big divisor A on X.
(1) ⇒ (2). Suppose that Γ is a curve. In particular, g(S) is a point or a curve. Since |D| is basepoint free, the restriction D| S is nef, but not big. As a consequence, we obtain
(2) ⇒ (3). Since A is nef and big, then there exists a positive integer m such that |mA| is not empty. Let S ∈ |mA| be a member. By assumption, then we have
(3) ⇒ (4). Obvious.
(4) ⇒ (1). Since A is nef and big, there exists an ample Q-divisor H and an effective Q-divisor E such that A ∼ Q H + E. Then D 2 · A = 0 implies D 2 · H = 0 as D is nef. By Bertini's theorem, there exists a smooth surface S such that S ∼ mH for some positive integer m. Then we get D 2 · S = 0. As a consequence, g(S) is a point or a curve. Nevertheless, if dim(Γ) ≥ 2, then S can not be an ample divisor, a contradiction. Hence, we have dim(Γ) = dim(Z) = 1.
SESHADRI CONSTANTS AND LINES ON FANO MANIFOLDS WITH LARGE INDEX
In this section, we study the Seshadri constants and the existence of lines on Fano manifolds with large index, and the main aim is to prove Theorem 1.4 and Theorem 1.6.
3.A. Seshadri constants of Fano manifolds with coindex four.
In this subsection, we prove Theorem 1.4. This is a generalization of [Bro09, Théorème 1.6], and we follow the same ideas. , there is a descending sequence of subvarieties X X 1 X 2 · · · X n−4 X n−3 such that −K X i ∼ (n − i − 3)H and X i+1 ∈ |H| X i | is a projective variety with at worst canonical singularties. Let us denote H| X n−3 by L. By Kawamata-Viehweg vanishing theorem, we have
Equivalently, there is an effective Cartier divisor D ∈ |L| such that L − D ∼ 0. According to [Bro09, Lemme 4 .11], it follows ε(X n−3 , L; 1) ≥ 1. Let x be a very general point on X n−3 . If C ⊂ X n−4 is a curve passing through x that is contained in X n−3 , then we obtain
Moreover, if C ⊂ X n−4 is a curve passing through x that is not contained in X n−3 , then we get
since X n−3 passes through x, but not containing C. Hence, we have ε(X n−4 , H| X n−4 , x) ≥ 1. By the lower semicontinuity of Seshadri constant, we conclude that ε(X n−4 , H| X n−4 ; 1) ≥ 1. Similarly, after an inductive argument, we obtain that ε(X, H; 1) ≥ 1.
3.B. Lines on polarized projective manifolds. Let X ⊂ P N be a nondegenerate irreducible ndimensional projective manifold. We denote by T x X ⊂ P N the projective tangent space of X at x. Let L x,X denote the Hilbert scheme of lines contained in X and passing through the point x (see [Rus16, Chapter 2]). For a line ℓ ⊂ X passing through x, we let [ℓ] ∈ L x,X be the corresponding point. Let x ∈ X be a general point. If L x,X = ∅, then for every [ℓ] ∈ L x,X we have
To study the problem about low degree rational curves in arbitrary polarized projective manifolds, we introduce the following definition.
3.1. Definition. Let (X, H) be a polarized projective manifold. A line in X is a rational curve C ⊂ X such that H · C = 1. We say that X is covered by lines if through any point x of X there is a line contained in X.
In general X cannot be embedded into projective spaces in such a way that a line C on X becomes a projective line. If (X, H) is covered by lines, then by definition it is easy to see ε(X, H; x) ≤ 1 for any point x ∈ X.
Lemma.
Let (X, H) be a polarized projective manifold. Assume moreover that through a very general point there is a rational curve C x ⊂ X of degree d passing through x. Then there exists an irreducible closed subvariety W of Chow(X) such that
(1) the universal cycle over W dominates X, and (2) the subset of points in W parametrizing the rational curves C x (viewed as 1-cycles on X) is dense in W.
Proof. Recall that Chow(X) has countably many irreducible components. On the other hand, since we are working over C, we have uncountably many lines on X. Then the existence of W is clear.
3.3.
Remark. Let (X, H) be a polarized projective manifold. If through a very general point x ∈ X there is a line x ∈ ℓ ⊂ X, then X is covered by lines. In fact, let us denote by W the subvariety provided in Lemma 3.2. We remark that every cycle [C] in W is irreducible and reduced as H · C = 1. Let V be an irreducible component of RatCurves n (X) such that its image in Chow(X) contains W. Then V is an unsplit covering family of minimal rational curves. Let U be the universal family over V. Then the evaluation map e : U → X is surjective; that is, X is covered by lines.
Lemma.
Let X be a Fano manifold, and let H be the fundamental divisor. If r X > (n + 1)/2, then (X, H) is covered by lines.
Proof. By [Kol96, V, Theorem 1.6], through every point x ∈ X, there is a rational curve C x ⊂ X passing through x such that −K X · C x ≤ n + 1. By our assumption, we get
This implies that C x is a line and X is covered by lines.
In general, it is not clear if lines should exist on Fano manifolds (see [Sho79a] for the result on Fano threefolds). However, the existence of lines can be established for many special examples.
Example.
(1) [Deb01, Proposition 2.13] Let X ⊂ P N be a smooth complete intersection of P N defined by equations of degree (d 1 , · · · , d r ). Assume |d| = ∑ r i=1 d i ≤ N − 1. Then through any point x of X, there is a line ℓ ⊂ X.
(2) [Kol96, V, 4.11] Let X ⊂ P(a 0 , · · · , a n ) be a smooth weighted complete intersection of degree 
Proof. Assume that X is defined as Y ∩ { f 1 = · · · = f r = 0} in P N . Let V be the variety defined as the zero set V( f 1 , · · · , f r ). In view of the proof of [Deb01, Proposition 2.13], for a general point x ∈ X, the Hilbert scheme L x,V of lines contained in V and passing through x is a subset of T x P N ∼ = P N−1 defined by |d| equations depending on the equations f j 's. On the other hand, since L x,Y is a subvariety of T x X of dimension at least r Y − 2, it follows that L x,Y ∩ L x,V = ∅. Equivalently, there exists a line contained in X and passing through x. As a consequence, (X, O X (1)) is covered by lines (cf. Remark 3.3).
As an immediate application, one can derive the following result.
Proposition.
Let G/P be a rational homogeneous space with Picard number one. Let H be the ample generator of Pic(G/P). Let X be a smooth complete intersection of G/P such that −K X = rH| X for some r ≥ 2. Then (X, H| X ) is covered by lines.
Proof. Since Y = G/P is covered by lines (cf. Example 3.5), then for any point x ∈ X, we have dim L x,Y = r Y − 2. Then we conclude by Lemma 3.6.
3.C. Lines on del Pezzo manifolds and Mukai manifolds.
In this subsection, we establish the existence of covering family of lines on Fano manifolds with coindex at most 3: projective spaces, quadric hypersurfaces, del Pezzo manifolds and Mukai manifolds. The existences of covering family of lines on projective spaces and quadric hypersurfaces are clear, so we focus on del Pezzo manifolds and Mukai manifolds. Recall that del Pezzo manifolds were classified by Fujita in [Fuj82a] and [Fuj82b] and we refer the reader to [IP99, § 12.1] for the description.
Proposition.
Let X be a del Pezzo manifold of dimension at least three. Let H be the fundamental divisor. Then (X, H) is covered by lines.
Proof. Case 1. ρ(X) = 1. If d = H n ≤ 4, then X is a smooth complete intersection in projective spaces or weighted projective spaces, so (X, H) is covered by lines (cf. Example 3.5). If d = H n = 5, then X is a linear section of the rational homogeneous space Gr(2, 5) ⊂ P 9 . Then Proposition 3.7 shows that X is also covered by lines. Case 2. ρ(X) ≥ 2. According to [Wiś91] , X is isomorphic to one of the following manifolds,
In particular, X carries a P r -bundle structure such that H| F is isomorphic to O P r (1) (r = 1, 2) over any fiber F. Hence, (X, H) is covered by lines. Now we turn our attention to Mukai manifolds. The classification of Mukai manifolds was firstly announced in [Muk89] under the existence of good ladder which was confirmed later by Mella in [Mel99] . We refer reader to [IP99] and the references therein for the details. If X is a n-dimensional Mukai manifolds with ρ(X) = 1, then the genus of X is the integer g such that d = H n = 2g − 2, where H is the fundamental divisor of X. As the minimal anticanonical degree of a covering family of minimal rational curves on X is at least two, so (X, −K X ) is not covered by lines if r X = 1. In particular, a smooth Mukai threefold is not covered by lines.
3.9. Proposition. Let X be a Mukai manifold of dimension n at least four. Let H be the fundamental divisor. Then (X, H) is covered by lines.
Proof. Case 1. ρ(X) = 1. In this case we have g ≤ 10 (cf. [IP99, Theorem 5.2.3]). Moreover, if g ≤ 5, then X is a complete intersection in projective spaces or weighted projective spaces and X is covered by lines (cf. Example 3.5). If g ≥ 6, then the linear system |H| defines an embedding and X is a linear section of a variety Σ n(g) 2g−2 ⊂ P g+n(g)−2 of dimension n(g) and degree 2g − 2 (cf. [IP99, Corollary 2.1.17 and Theorem 5.2.3]). If 6 ≤ g ≤ 9, then Σ n(g) 2g−2 is a Mukai manifold of dimension n(g) ≥ 6 . In particular, by Lemma 3.4, Σ n(g) 2g−2 is covered by lines. If g = 10, then Σ n(10) 18 is a 5-dimensional homogeneous manifold. According to Example 3.5, Σ n(10) 18 is also covered by lines. Therefore, for a general point
where C is a line passing through x. Thanks to Lemma 3.6, the polarized manifold (X, H) is also covered by lines. Case 2. ρ(X) ≥ 2. By Lemma 3.4, we may assume that dim(X) = 4 or 5. If dim(X) = 5, by [Wiś91] , X is isomorphic to one of the following manifolds,
where Q 3 is a smooth 3-dimensional hyperquadric. In particular, X carries a P 2 -bundle structure such that H| F is isomorphic to O P 2 (1) for every fiber F. Hence, (X, H) is covered by lines.
It remains to consider the case dim(X) = 4. If ρ(X) ≥ 3, by [Wiś94, (7.1)] (see also [IP99, §12.7]), X is isomorphic to one of the following manifolds,
so X carries a P 1 -bundle structure such that H| F is isomorphic to O P 1 (1) for every fiber F. Thus, X is covered by lines. If ρ(X) = 2, by [Wiś94, Proposition 3.3 and (7.1)] (see also [IP99, §12.7]), there exists a fibration p : X → Y such that Y is a Fano manifold of dimension r (2 ≤ r ≤ 3) and the general fiber F of p is isomorphic to P 1 or Q 2 . Moreover, the restriction H| F is isomorphic to O P 1 (1) or O Q 2 (1). As a consequence, there exists a line passing through a general point x ∈ X and (X, H) is covered by lines.
As an application of the existence of lines on del Pezzo manifolds and Mukai manifolds, one can easily derive Theorem 1.6.
Proof of Theorem 1.6. Let H be the fundamental divisor of X. If r X ≥ n, then X is isomorphic to P n or Q n . It is clear that (X, H) is covered by lines. By Proposition 3.8 and Proposition 3.9, we conclude also that (X, H) is covered by lines if r X ≥ min{ 2, n − 2 }. This implies ε(X, −K X ; 1) ≤ r X and ℓ X ≤ r X . Then we conclude by [Bro09, Théorème 1.5] and the fact ℓ X ≥ r X .
SESHADRI CONSTANTS OF THE ANTICANONICAL DIVISORS OF FANO THREEFOLDS
This section is devoted to compute the Seshadri constants of anticanonical divisors of Fano threefolds with Picard number at least two. These manifolds were classified by Mori and Mukai in [MM81, MM83, MM86, MM03]. There are exactly 88 types of such manifolds. The main theorem in this section is a characterization of smooth Fano threefolds with Picard number at least two via Seshadri constants (cf. Theorem 4.12).
4.A.
Splitting and free splitting of anticanonical divisors. The following concept plays a key role in the classification of Fano threefolds, and it is also the starting point of our argument.
Definition.
Let X be a projective manifold. A Weil divisor D on X has a splitting if there are two non-zero effective divisors D 1 and D 2 such that D 1 + D 2 ∈ |D|. The splitting is called free if the linear systems |D 1 | and |D 2 | are basepoint free.
The following criterion was frequently used in [MM86] to check the free splitting of anticanonical divisors.
Definition-Proposition.[MM86,
Proposition 2.10] Let X be a projective manifold. Assume that C is a smooth proper closed subscheme of X. Let I C be the sheaf of ideals of C in X, and let L be an invertible sheaf over X with the attached complete linear system |L|. Let f : Y → X be the blow-up of X along C. We denote by E the exceptional divisor of f . We say that C is an intersection of members of |L| when the equivalent conditions below are satisfied.
(1) H 0 (X,
The following theorem is the key ingredient of our proof of Theorem 1.7. It was claimed in [MM81] and the proof was provided in [MM86] except for the example given in [MM03] .
Theorem.[MM86,
Theorem 3] Let X be a smooth Fano threefold with ρ(X) ≥ 2, then the anticanonical divisor −K X has a splitting. Furthermore, −K X has a free splitting if | − K X | is basepoint free.
Proof. This theorem was proved in [MM86, § 7] except for n o 13 in Table 4 given in [MM03] . In the latter case, X is the blow-up of Y = P 1 × P 1 × P 1 with center a curve C of tridegree (1, 1, 3 ). Let f : Y → P 1 × P 1 be the projection to the first two factors. Then the curve C = f (C) is a curve of bidegree (1, 1) on P 1 × P 1 and C is a curve of bidegree (1, 3) 
By [MM86, Proposition 2.13], X is a Fano manifold and −K X has a free splitting.
In the case where | − K X | is not basepoint free, we can prove the following proposition by reducing it to K3 surface.
Proposition.
Let X be a n-dimensional Mukai manifold with H the fundamental divisor. If |H| is not basepoint free, then ε(X, H; 1) = 1.
Proof. If n ≥ 4, this follows from Theorem 1.6. Now we consider the case n = 3; that is, X is a smooth Fano threefold with index one. According to [Bro09, Théorème 1.5], it is enough to show ε(X, H; 1) ≤ 1. By [Sho79b] , a general element S ∈ |H| is a smooth K3 surface. By Kodaira's vanishing theorem, the natural restriction
is surjective. In particular, as |H| is not basepoint free, |H| S | is also not basepoint free. According to [SD74] , the divisor H| S is of the form
where E ⊂ S is an elliptic curve, Γ ⊂ S is a smooth rational curve with E · Γ = 1 and a ≥ 3. Moreover, the pencil |E| gives an elliptic fibration S → P 1 . As L · E = 1, it follows that we have ε(S, H| S ; 1) ≤ 1. By the definition, for any x ∈ S, we have
Recall that the set of points
is contained in a countable union of proper Zariski subsets of X and dim |H| ≥ 1. It follows that there exists a smooth element S ∈ |H| such that S ⊂ Z. Hence, we have ε(X, H; 1) ≤ 1.
4.5.
Remark. If X is a del Pezzo manifold, then the same argument together with [Bro06, Théorème 1.3] shows that we have also ε(X, H; 1) = 1 if |H| is not basepoint free. Thus it is natural and interesting to ask if this still holds for Fano manifolds of higher coindex.
4.B. Small Seshadri constant and del Pezzo fibrations.
In this section, we study smooth Fano threefolds X such that ε(X, −K X ; 1) < 2. The following result is a consequence of the existence of free splitting of anticanonical divisors (cf. Theorem 4.3).
4.6. Proposition. Let X be a smooth Fano threefold with ρ(X) ≥ 2 such that | − K X | is basepoint free. Let D 1 and D 2 be a free splitting of −K X . Then ε(X, −K X ; 1) < 2 if and only if |D 1 | or |D 2 | defines a del Pezzo fibration X → P 1 of degree d ≤ 3. Moreover, we have ε(X, −K X ; 1) = ε(S d , −K S d ; 1) in this case, where S d is a del Pezzo surface of degree d.
Proof. If X admits a del Pezzo fibration of degree d at most 3, by Theorem 1.3, we have
where S d is a general fiber. Now, we suppose that ε(X, −K X ; 1) < 2. Denote by g 1 and g 2 the contractions defined by |D 1 | and |D 2 |, respectively. Then we have dim(g 1 (X)) ≥ 1 and dim(g 2 (X)) ≥ 1 since D 1 and D 2 are non-zero. Let x ∈ X be a very general point and let
Let C be an irreducible and reduced curve passing through x. Case 1. C is not contracted by g 1 and g 2 . In this case, there exist
Case 2. C is contracted by g 1 or g 2 . Without loss of generality, we can assume that C is contracted by g 1 . By the generality of x, this implies that g 1 is not birational and dim(g 1 (X)) ≤ 2. Case 2.a) dim(g 1 (X)) = 2. Then C is a general fiber of g 1 and C is smooth by generic smoothness. In particular, we have ν(C, x) = 1. We claim that −K X · C ≥ 2. Otherwise, we assume that −K X · C = 1. Since | − K X | is basepoint free and −K X is ample, the morphism
This forces that the restriction φ| C is birational and H · φ * C = 1. It follows that φ * C is a projective line and C is a line of the polarized pair (X, −K X ). In particular, (X, −K X ) is covered by lines. Due to Lemma 3.2, we get ℓ X = 1, which is absurd. Hence, we have −K X · C ≥ 2 = 2ν(C, x).
Case 2.b) dim(g 1 (X)) = 1. Since X is Fano, it follows that g 1 (X) = P 1 and the general fiber of g 1 is a smooth surface by generic smoothness. Let S be the fiber of g passing through x. Since x is very general, we may assume that S is smooth. By adjunction formula, we have −K S = −(K X + S)| S = −K X | S . Thus, S is a smooth del Pezzo surface of degree d. Then, if d ≥ 3, by [Bro06, Théorème 1.3], we have
In summary, we have proved that if C is an irreducible curve passing through a very general point x ∈ X, then we have −K X · C ≥ 2ν(C, x)
unless g 1 or g 2 defines a del Pezzo fibration of degree d at most 3 and C is contained in the fibers. Moreover, in this case, we have even ε(X, −K X ; 1) ≥ ε(S d ; −K S d ; 1) by our argument above. Hence, we get actually ε(X, −K X ; 1) = ε(S d , −K S d ; 1) as ε(X, −K X ; 1) ≤ ε(S d , −K S d ; 1). Now we are in the position to prove Theorem 1.5.
Proof of Theorem 1.5. If ρ(X) = 1, thanks to [Ito14, Theorem 1.8], we have ε(X, −K X ; 1) > 1. Now we consider the case ρ(X) ≥ 2. If | − K X | is not basepoint free, this is proved in Proposition 4.4. Now we consider the converse by assuming ε(X, −K X ; 1) = 1. If | − K X | is basepoint free, by Proposition 4.6, there exists a del Pezzo fibration f : X → P 1 of degree one. Let S be a general fiber of f . Then the natural map
shows that | − K X | is not basepoint free, since | − K S | is not basepoint free, a contradiction.
4.7.
Remark. From our proof above, we see that we have actually d = 2 or 3 in Proposition 4.6.
The following example shows that a smooth Fano threefold may be released as two del Pezzo fibrations of different degree.
Example
. Let X = S d × P 1 , where S d is a smooth del Pezzo surface of degree d such that S d is isomorphic to neither P 2 nor a smooth quadric surface Q 2 . Then there is natural fibration S d → P 1 with general fiber P 1 . Denote the induced fibration X → P 1 by p 1 and the second projection S d × P 1 → P 1 by p 2 . Then the general fiber of p 1 is a smooth quadric surface, while the fiber of p 2 is a del Pezzo surface of degree d.
In the following theorem, we show that this cannot happen for del Pezzo fibrations of small degrees.
4.9. Theorem. Let X be a smooth Fano threefold with ρ(X) ≥ 2 such that ε(X, −K X ; 1) < 2. Then there exists a splitting D 1 and D 2 of −K X such that |D 1 | is basepoint free and it induces a del Pezzo fibration f : X → P 1 of degree d such that ε(X, −K X ; 1) = ε(S d , −K S d ; 1), where S d is a general fiber of f . Moreover, if g : X → P 1 is any del Pezzo fibration of degree d ′ ≤ 3, then g = f and d = d ′ .
Proof. If | − K X | is basepoint free, then the existence of f is proved in Proposition 4.6. We start with the case where | − K X | is not basepoint free. Case 1. | − K X | is not basepoint free. In this case, X is isomorphic to one of the following.
(1) X is the blow-up of V 1 with center an elliptic curve which is a complete intersection of two members of |H|, where V 1 is a smooth del Pezzo threefold of degree one and H is the fundamental divisor of V 1 . (2) X ∼ = P 1 × S 1 , where S 1 is a smooth del Pezzo surface of degree one.
We claim that there exists a splitting D 1 and D 2 of −K X such that D 2 is nef and big and |D 1 | is basepoint free which induces a del Pezzo fibration of degree one. In Case (1), we can choose
where p i is the projection of the i-th factor. 12 Then it is easy to see that |D 1 | is basepoint free and D 2 is nef. On the other hand, one observe D 3 2 = 1, so D 2 is actually big. In Case (2), denote by π : X → V 1 the blow-up and E the exceptional divisor of π. Choose D 1 ∈ |π * H − E| and D 2 ∈ |π * H|. Then it is easy to see that D 2 is nef and big and −K X ∼ D 1 + D 2 . Moreover, by Definition-Proposition 4.2, the linear system |π * H − E| is basepoint free. Now we assume that g = f . Note that D 2 | S d ′ is again nef and big since S d ′ is general. Thanks to [Bro09, Proposition 4 .12], we have ε(S d ′ , D 2 | S d ′ ; 1) ≥ 1. As g = f , thus S d ′ is not contracted by f and we have f (S d ′ ) = P 1 . Let x ∈ S d ′ be a very general point, and let C ⊂ S d ′ be an irreducible reduced curve passing through x. Let S x be the fiber of f passing through x. If f (C) is not a point, then C is not contained in S x and S x ∼ D 1 . Note that we have −K
If f (C) is a point, as x is very general, we can assume that C is a smooth curve by generic smoothness. In particular, we have ν(C,
Hence, we conclude that ε(S d ′ , −K S d ′ ; 1) ≥ 2. This contradicts our assumption that d ′ ≤ 3 (cf. Theorem 1.3). As a consequence, the general fibers of g are contracted by f . In particular, this implies that we have f * O P 1 (1) ∼ = g * O P 1 (1). Hence, we get g = f . Case 2. | − K X | is basepoint free. In this case, the existence of D 1 and D 2 is proved in Proposition 4.6 (after exchanging D 1 and D 2 if necessary). Moreover, D 1 and D 2 is actually a free splitting of −K X . If g = f , then f (S d ′ ) = P 1 since S d ′ is not contracted by f . We claim that D 1 | S d ′ and D 2 | S d ′ is a free splitting of −K S d ′ . In fact, as K X | S d ′ ∼ K S d ′ , it is enough to show that D 1 | S d ′ and D 2 | S d ′ are not zero. The divisor D 1 | S d ′ is nonzero from the fact that f is defined by |D 1 | and f (S d ′ ) is not a point. To see that D 2 | S d ′ is nonzero, note that −K S d ′ is ample while D 1 | S d ′ · F = 0 for any curve F contained in the fiber of f | S d ′ : S d ′ → P 1 . Now we show that we have actually ε(S d ′ , −K S d ′ ; 1) ≥ 2. The proof is the same as that of Proposition 4.6. Let x ∈ S d ′ be a very general point, and let C ⊂ S d ′ be an irreducible reduced curve passing through x. Denote by C 1 (resp. C 2 ) the divisor D 1 | S d ′ (resp. D 2 | S d ′ ) and denote by |C 1 | x (resp. |C 2 | x ) the subset of elements of |C 1 | (resp. |C 2 |) passing through x. If there exist two curves
Otherwise, we may assume that C is contained in C ′ 1 for every curve C ′ 1 ∈ |C 1 | x . Let µ : S d ′ → P 1 be the fibration defined by |C 1 |. Then C is a general fiber of µ. In particular, C is a smooth rational curve. This implies −K S d ′ · C = 2 and ν(C, x) = 1. It follows that ε(S d ′ , −K S d ′ ; 1) ≥ 2. This again contradicts our assumption that d ′ ≤ 3. Hence the general fibers of g are contracted by f . As the previous case, we conclude that g = f .
4.C. Large Seshadri constant and minimal anticanonical degree. Let X be a n-dimensional Fano manifold. Recall that ℓ X is the minimal anticanonical degree of a minimal covering family of rational curves. There are many efforts to characterize projective spaces and quadric hypersurfaces by the values of ℓ X (cf. [CMSB02, Keb02, Miy04, CD15, DH17] etc.). This indicates that we can also try to characterize projective spaces and quadric hypersurfaces by the values of ε(X, −K X ; 1). In particular, by [LZ17, Theorem 2] (cf. [CMSB02, BS09] ), ε(X, −K X ; 1) > n if and only if X is isomorphic to P n . 4.10. Proposition. Let X be a n-dimensional Fano manifold such that ρ(X) ≥ 2 and n ≥ 3. Then ε(X, −K X ; 1) > n − 1 if and only if X is isomorphic to the blow-up of P n along a smooth subvariety Z of dimension n − 2 and degree d ∈ { 1, · · · , n }, contained in a hyperplane. In particular, we have ε(X, −K X ; 1) = n in this case.
Proof. If ǫ(X, −K X ; 1) > n − 1, then for a very general point x ∈ X and any curve C passing through x, we have −K X · C ≥ n. This implies ℓ X ≥ n. By [CMSB02, Corollary 0.3] and [CD15, Theorem 1.4] (see also [DH17, Theorem 1.3]), it follows that X is isomorphic to the blow-up of P n along a smooth subvariety Z of dimension n − 2 and degree d ∈ { 1, · · · , n }, containing in a hyperplane. On the other hand, as shown in [LZ17, Theorem 3], if X is a such Fano manifold, then we have indeed ε(X, −K X ; 1) = n. 4.11. Remark. The proposition above is actually a special case of [LZ17, Theorem 3]. In fact, let X be a projective manifold and let L be a nef divisor on X. Fix a point x ∈ X, and let µ : X = Bl x (X) → X be the blow-up of X at x with exceptional divisor E ⊂ X. Then by [Laz04, Proposition 5.1.5] the Seshadri constant of L at x is equal to
In particular, if L is ample, Definition 1.1 coincides with that given in [LZ17] .
Let us conclude this section with a structure theorem of Fano threefolds via Seshadri constants.
4.12.
Theorem. Let X be a smooth Fano threefold with ρ(X) ≥ 2.
(1) ε(X, −K X ; 1) = 1 if and only if there is a fibration in del Pezzo surfaces X → P 1 of degree one.
(2) ε(X, −K X ; 1) = 4/3 if and only if there is a fibration in del Pezzo surfaces X → P 1 of degree two.
(3) ε(X, −K X ; 1) = 3/2 if and only if there is a fibration in del Pezzo surfaces X → P 1 of degree three. (4) ε(X, −K X ; 1) = 3 if and only if X is isomorphic to the blow-up of P 3 along a smooth curve C of degree d at most 3 which is contained in a hyperplane. (5) ε(X, −K X ; 1) = 2 otherwise.
Proof. It follows directly from Theorem 4.9 and Proposition 4.10.
FANO THREEFOLDS ADMITTING DEL PEZZO FIBRATIONS
This section is devoted to work out all Fano threefolds that can be realized as a del Pezzo fibration of degree d at most 3. Assumption (⋆). As we have seen, the linear system | − K X | is not basepoint free if and only if there is a fibration X → P 1 in del Pezzo surfaces of degree one. Throughout this section, we will assume that | − K X | is basepoint free.
5.
A. Fano threefolds of type I. For convenience, we introduce the following notation for Fano threefolds, and we refer to [MM86, § 2] for more details.
5.1.
Notation. Let f : X → Y be the blow-up of a smooth projective threefold Y along a smooth (but possibly disconnected) curve C such that X is a smooth Fano threefold.
(1) X is called of Type I 1 if C is an intersection of members of a complete linear system |L| such that −K Y − L is ample and | − K Y − L| is basepoint free.
(2) X is called of Type I 2 if Y has a structure of a P 1 -bundle g : Y → S over a smooth surface S, such that g| C : C → S is an embedding, and there is an very ample divisor N on S such that C is an intersection of members of |L|, where L = −K Y − g * N.
(3) X is called of Type I 3 if Y has a structure of a P 2 -bundle g : Y → P 1 , and that the curve C ⊂ Y is an intersection of members of the complete linear system |L| with L = −K Y − g * O P 1 (1), and g| C : C → P 1 is sujective and of degree at most 5, and there is an irreducible divisor Q of Y containing C such that the fiber Q t over every point t ∈ P 1 is a smooth conic of Y t = P 2 .
X is called of Type I if X satisfies one of the conditions above.
The following property about Fano threefolds of Type I will play an important role in the classification of smooth Fano threefolds admitting a del Pezzo fibration of small degree.
Proposition.
Let X be a smooth Fano threefold of Type I. Denote by E the exceptional divisor of the blow-up f : X → Y. Then −K X has a free splitting D 1 and D 2 such that the following statements hold.
(
(2) D 2 is composed with a rational pencil of surfaces if and only if X is of Type I 3 .
Proof. The proposition follows directly from [MM86, Proposition 2.12, 2.13 and 2.14].
5.3.
Lemma. Let f : X → Y be the blow-up of a smooth projective threefold Y along a smooth (may be disconnected) curve C. Denote by E the exceptional divisor of f . If L is a line bundle on Y such that | f * L − E| is basepoint free and | f * L − E| is composed with a pencil of surfaces, then we have L 2 · N = N · C, for every nef divisor N over Y. Moreover, C is a complete intersection of two members of |L| in this case.
Proof. By Definition-Proposition 4.2, C is an intersection of members of |L|. Let A be an ample divisor over Y. Then the pull-back f * A is nef and big. Since | f * L − E| is basepoint free and dim Φ | f * L−E| = 1, it follows that ( f * L − E) 2 · f * A = 0 by Lemma 2.1. Then we get
Since every nef divisor is a limit of ample divisors, we conclude that the same equality holds also for nef divisors. On the other hand, if C ⊂ D 1 ∩ D 2 and A is an ample divisor, then
Since A is ample, this implies that C = D 1 ∩ D 2 as 1-cycles. Thus, we obtain C = D 1 ∩ D 2 since C is smooth.
5.B.
Fano threefolds with Picard number two. The classification of Fano threefolds with Picard number two was given in Table 2 in [MM81] . Let D 1 and D 2 be a free splitting of −K X . Then the morphisms defined by |D 1 | and |D 2 | coincide with the two extremal contractions of X. Recall that a smooth Fano threefold is imprimitive if it is isomorphic to the blow-up of a smooth Fano threefold along an irreducible smooth curve. A smooth Fano threefold is primitive if it is not imprimitive. (1) R is of type E 1 if dim(Y) = 3 and ϕ(E) is a smooth curve.
(2) R is of type C 1 if dim(Y) = 2 and ϕ has a singular fiber.
(3) R is of type D 1 if dim(Y) = 1 and the general fiber of ϕ is a del Pezzo surface of degree d (1 ≤ d ≤ 6).
Remark.
We warn the reader that we used also D 1 and D 2 for a splitting (cf. Definition 4.1). However, it will be easy for the reader to understand from the context whether we are considering a splitting or the type of an extremal contraction.
5.6. Proposition. Let X be a smooth Fano threefold with ρ(X) = 2. Assume that | − K X | is basepoint free. If there is a fibration in del Pezzo surfaces X → P 1 of degree d at most 3, then X is isomorphic to one of the following.
(1) X is a double covering of P 1 × P 2 whose branch locus is a divisor of bidegree (2, 4).
(2) X is the blow-up of Y along a complete intersection of two members of − r−1 r K Y , where Y is isomorphic to V 2 , V 3 or P 3 and r is the index of Y.
This theorem is a direct corollary of the classification given in [MM81] . A sketchy proof was given in [MM83, § 5]. For the reader's convenience, we give a complete proof in our situation.
Proof. Let R 1 and R 2 be the extremal rays of X. Then we can assume that R 1 is of type D 1 (cf. Theorem 4.9). We denote by ϕ i : X → Y i the extremal contraction associated to R i . Case 1. X is primitive. By [MM83, Theorem 1.7], the contraction R 2 is of type C 1 and the induced morphism ϕ = (ϕ 1 , ϕ 2 ) : X → P 1 × P 2 is a double covering. Denote by H 1 (resp. H 2 ) the line bundle O(1, 0) (resp. O(0, 1)) over P 1 × P 2 . Let B be the branch locus. We can write B ∼ b 1 H 1 + b 2 H 2 . Thus, we get
Moreover, as −K X ∼ ϕ * (H 1 + H 2 ) (see [MM83, Theorem 5.1]), it follows that b 1 = 2 and b 2 = 4. Moreover, let S be a general fiber of ϕ 1 . Then the degree of S is equal to
Case 2. X is imprimitive. By the definition, R 2 is of type E 1 . Let E be the exceptional divisor of ϕ 2 . Then Y 2 is a smooth Fano threefold of index r ≥ 2 (see [IP99, Proposition 7.1.5]). We denote ϕ * 1 O P 1 (1) by H 1 , and denote ϕ * 2 (− 1 r K Y 2 ) by H 2 . Then we have −K X ∼ H 1 + H 2 (see [MM83, Theorem 5.1]). On the other hand, as
Moreover, since H 1 is basepoint free, C = ϕ 2 (E) is an intersection of members of | − r−1 r K Y 2 | (see Definition-Proposition 4.2). Let S be a general fiber of ϕ 1 . Then the degree d of S is equal to
Since d = 2 or 3, it follows that the possibility of the pair (r, H 3 2 ) are as follows, (2, 2), (3, 1), (2, 3), (4, 1).
If r = 3, then Y 2 is isomorphic to a quadric and we have H 3 2 = 2. This is a contradiction. Thus, (3, 1) is impossible. Since |H 1 | is basepoint free and is composed with a rational pencil of surfaces, according to Lemma 5.3, C is indeed a complete intersection of two members of | − r−1 r K Y 2 |.
In (1), ϕ 1 is a del Pezzo fibration of degree 2, and in (2) ϕ 1 is a del Pezzo fibration of degree (r − 1)H 3 2 .
5.C. Fano threefolds of Picard number at least three. In this subsection, we will consider Fano threefolds of Picard number at least three. The classification of such manifolds was given in Tables  3, 4 and 5 in [MM81] and [MM03] . First we consider these Fano threefolds which are not of type I. There are exactly 17 families of such manifolds (see Appendix I.A), and we will divide them into five different groups.
5.C.1. Double cover of P 1 × P 1 × P 1 . In this case, X is a double covering of P 1 × P 1 × P 1 whose branch locus is a divisor of tridegree (2, 2, 2) (n o 1 in Table 3 in [MM81]).
5.9.
Proposition. Let f : X → P 1 × P 1 × P 1 be a double covering of P 1 × P 1 × P 1 whose branch locus is a divisor of tridegree (2, 2, 2). Then ε(X, −K X ; 1) = 2.
Proof. Let p i : Y = P 1 × P 1 × P 1 → P 1 be the i-th projection. Denote by H i the divisor p * i O P 1 (1). Then −K Y = 2H 1 + 2H 2 + 2H 3 . By ramification formula, we get
.
Let x ∈ X be a very general point and let C be a curve passing through x. If two of the images p i • f (C) are curves, for example i = 1 and 2, then we can chose D 1 ∈ | f * H 1 | and D 2 ∈ | f * H 2 | such that D 1 and D 2 pass through x and C is not contained in D 1 or D 2 . This implies
Otherwise, C is a complete intersection of two divisors D 1 ∈ | f * H 1 | and D 2 ∈ | f * H 2 |. In particular, C is smooth at x and we have −K X · C ≥ 2. Therefore, we have ε(X, −K X ; x) ≥ 2. Thanks to Proposition 4.10, we have ε(X, −K X ; 1) ≤ 2. Then by lower semicontinuity, we get ε(X, −K X ; 1) = 2.
5.C.2. Divisors. In this case, X is given as a smooth member of a divisor class of a smooth projective fourfolds (n o 2, 3, 8, 17 in Table 3 and n o 1 in Table 4 ). First we consider n o 2 in Table 3 .
Proposition.
Let E be the vector bundle O ⊕ O(−1, −1) ⊕2 over P 1 × P 1 . Let f : Y → P 1 × P 1 be the P 2 -bundle P(E ). Set L = O P(E ) (1). Let X be a member of |L ⊗2 ⊗ f * O(2, 3)| such that X ∩ S is irreducible, where S is a member of |L|. Then −K X has a free splitting D 1 and D 2 such that |D 2 | is composed with a rational pencil of del Pezzo surfaces of degree 3.
Proof. We choose H 1 ∈ | f * O(1, 0)|, H 2 ∈ | f * O(0, 1)| and ξ ∈ |L|. Then, by adjunction formula, we
Set D 1 = (ξ + H 1 + H 2 )| and set D 2 = H 1 | X . Then D 1 and D 2 give a free splitting of −K X and |D 2 | is composed with a rational pencil of surfaces. In particular, we have
. Choose a divisor ξ ′ ∈ |O P(E ′ ) (1)|. Then we get ξ 3 · H 1 = ξ ′3 . We denote by π the natural projection P(E ′ ) → P 1 . Recall that we have the following relation
where F is a fiber of π. As ξ 2 H 2 H 1 = 1, we get (K X + D 2 ) 2 · D 2 = 3. On the other hand, let X g − → P 1 h − → P 1 be the factorization of Stein of Φ D 2 . Then we have D 2 ∼ aS for some a > 0, where S is general fiber of g. Since | − K X | is basepoint free, it follows that K 2 S > 1. As (K X + aS) 2 · (aS) = 3, we obtain a = 1. Hence, h is an isomorphism and g is indeed a del Pezzo fibration of degree 3. Table 3 and n o 1 in Table 4 , −K X has a free splitting D 1 and D 2 such that |D 1 | and |D 2 | are both not composed with a rational pencil of surfaces.
Proposition. For n o 3, 8, 17 in
Proof. For n o 3, 17 in Table 3 and n o 1 in Table 4 , X is a divisor of Q 2 × P 2 or Q 2 × Q 2 , where Q 2 is smooth quadric surface. Then it is easy to see that −K X has a free spliting D 1 and D 2 such that |D 1 | and |D 2 | are not composed with a pencil of surfaces. For n o 8 in Table 3 , X is a member of the linear system |p * 1 g * O P 2 (1) ⊗ p * 2 O P 2 (2)| on F 1 × P 2 , where p i (i = 1, 2) is the projection to the i-th factor and g : F 1 → P 2 is the blow-up. Let C be the exceptional curve of g. Then we have
Then D 1 and D 2 form a free splitting of −K X . It is easy to see that |D 2 | is not composed with a rational pencil of surfaces. On the other hand, we have
Since H 1 + H 2 is nef and big, by Lemma 2.1, |D 1 | is also not composed with a rational pencil of surfaces.
5.C.3. Product of P 1 and a del Pezzo surface. In this case, X is isomorphic to the product P 1 and a del Pezzo surface S of degree d (n o 27, 28 in Table 3 , n o 10 in Table 4 , n o 5 − 10 in Table 5 ). Let p i (i = 1, 2) be the projection to the i-th factor. Choose D 1 ∈ |p * 1 O(2)| and choose D 2 ∈ | − p * 2 K S |. Then D 1 and D 2 give a free splitting of −K X unless S is a del Pezzo surface of degree one. In particular, |D 1 | is composed with a rational pencil of del Pezzo surfaces of degree d.
5.C.4. Blow-up of points.
In this case, f : X → Q 3 is the blow-up of Q 3 ⊂ P 4 with center two points p and q on it which is not colinear (n o 19 in Table 3 ). Denote by L the line bundle O P 4 (1)| Q 3 . Then {p, q} is an intersection of members of |L| since p and q is not colinear. By [MM86, Propostion 2.12], one has
where E 1 and E 2 are the exceptionl divisors over p and q, respectively. Set
Since D 1 is nef and big, |D 1 | is not composed with a rational pencil of surfaces. On the other hand, we have
By Lemma 2.1, |D 2 | is also not composed with a rational pencil of surfaces.
5.C.5. Projective bundles. In this case, the Fano manifold X is the P 1 -bundle π : Table 3 ). We choose D 1 ∈ |O P(E ) (2)| and D 2 ∈ |π * O(1, 1)|. Then −K X ∼ D 1 + D 2 . Moreover, |D 1 | and |D 2 | are basepoint free and |D 2 | is not composed with a pencil of surfaces. On the other hand, we have
where ξ ∈ |O P(E ) (1)|. Hence, by Lemma 2.1, |D 1 | is not composed with a rational pencil of surfaces.
5.C.6. Fano threefolds of type I. For the rest of Tables 3, 4 and 5 in [MM81] , X is of Type I. More precisely, X is the blow-up of a smooth projective threefold Y along a smooth (not necessarily irreducible) curve C such that C is an intersection of members of a complete linear system |L| over Y. Moreover, −K X has a free splitting
where f denotes the blow-up X → Y and E is the exceptional divisor.
The linear system |D 2 | is composed with a rational pencil of surfaces if and only if Y lies in n o 5 in Table 3 (cf. Proposition 5.2, Appendix I.B and Appendix I.C).
Proposition.
For n o 5 in Table 3 , |D 2 | is composed with a rational pencil of del Pezzo surfaces of degree 4.
Proof. In this case, Y ∼ = P 2 × P 1 , C is a curve of bidegree (2, 5), and D 2 ∈ |H 2 |, where H 2 = p * 2 O P 1 (1) and p 2 : Y → P 1 is the projection to the second factor. Then the morphism defined by |D 2 | coincides with the morphism X π − → Y p 2 − → P 1 . We will denote it by f .
where H 1 = p * 1 O P 2 (1) with p 1 : Y → P 2 the first projection and E is the exceptional divisor of π. Note that E 2 · π * H 2 = −H 2 · C = −5, it follows that we have (K X + π * H 2 ) 2 · π * H 2 = 9π * (H 1 ) 2 · π * H 2 + E 2 · π * H 2 = 9 − 5 = 4.
Note that K 2 S = (K X + π * H 2 | S ) 2 = (K X + π * H 2 ) · π * H 2 , we have K 2 S = 4. 19 Now we assume that |D 2 | is not composed with a rational pencil of surfaces. Then |D 1 | is composed with a rational pencil of surfaces if and only if C is a complete intersection of two members of |L| (cf. Lemma 5.3). This happens for n o 4, 7, 11, 24, 26 in Table 3 , and n o 4, 9 in Table 4 , and n o 1 in Table 3 , n o 4, 9 in Table 4 and n o 1 in Table 5 . the linear system |D 1 | = | f * L − E| is composed with a rational pencil of del Pezzo surfaces of degree at least 4.
Proof. Let X g − → P 1 h − → P 1 be the factorization of Stein of Φ D 1 . We claim that h is an isomorphism. In fact, let E be the exceptional divisor of f and let F be a fiber of the morphism f | E : E → C. Then we have g(F) = P 1 , since f * L − E is strictly positive over F. As ( f * L − E) · F = 1, we get ( f * L − E)| F = O P 1 (1). It follows that g| F : F → P 1 is birational and D 1 = g * O P 1 (1). As an consequence, we obtain that h is birational and D 2 = h * g * O P 1 (1). Let S be a general fiber of g. Then we have S ∼ D 1 ∼ f * L − E and
Then an easy calculation shows that the degree of S is at least 4 (see Appendix I.B).
Conclusion. Summarizing, we have proved in this section the following theorem.
5.14.
Theorem. Let X be a smooth Fano threefold with ρ(X) ≥ 2. Assume moreover that | − K X | is basepoint free and there is a fibration X → P 1 of del Pezzo surfaces of degree d at most 3. Then d ≥ 2 and we have
(1) d = 2 if and only if X lies in n o 2, 3 in Table 2 or n o 7 in Table 5 ;
(2) d = 3 if and only if X lies in n o 4, 5 in Table 2 , n o 2 in Table 3 or n o 6 in Table 5 . [MM03] , and the general principal of how to classify such threefolds were explained in [MM83] and [MM86] . In the following, we collect the list of Fano threefolds with ρ ≥ 3 which is used in § 5.C and we follow the notation and numbering in [MM81] and [MM03] . I.A. Fano threefolds which are not of type I. The following list contains the Fano threefolds mentioned in § 5.C.1 - § 5.C.5. We recall that F 1 is the first Hirzebruch surface P(O ⊕ O(−1)) which is a P 1 -bundle over P 1 and it can be obtained by blowing-up a point on P 2 . Moreover, by S r we denote a del Pezzo surface of degree r and we have ρ(X) ≥ 5 in Table 5 .
n o X Section Table 3 1 a double cover of P 1 × P 1 × P 1 whose branch locus is a divisor of tridegree (2, 2, 2) § 5.C.1 20 a member of |L ⊗2 ⊗ O P 1 ×P 1 (2, 3)| on the P 2 -bundle P(O ⊕ O(−1, −1) ⊕2 ) over P 1 × P 1 , where L is the tautological bundle § 5.C.2 3 a smooth divisor on P 1 × P 1 × P 2 of tridegree (1, 1, 2) § 5.C.2 8 a member of the linear system p * 1 g * O(1) ⊗ p * 2 O(2) on F 1 × P 2 , where p i is the projection to the i-th factor and g : F 1 → P 2 is the blow-up § 5.C.2 17 a smooth divisor on P 1 × P 1 × P 2 of tridegree (1, 1, 1) § 5.C.2 19 blow-up of Q 3 ⊂ P 4 with center two points p and q on it which are not colinear § 5.C.4
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the P 1 -bundle P(O ⊕ O(1, 1)) over P 1 × P 1 § 5.C.5 Table 4 1 a smooth divisor on P 1 × P 1 × P 1 × P 1 of multidegree (1, 1, 1, 1) § 5.C.2 10 P 1 × S 7 § 5.C.3 Table 3 4
f : Y → P 1 × P 2 is a double cover whose branch locus is a divisor of bidegree (2, 2). f * p * 2 O P 2 (1), where p 2 : P 1 × P 2 → P 2 is the projection to the second factor 4 I 1 7 W ⊂ P 2 × P 2 a smooth divisor of bidegree (1, 1)
π : V 7 → P 3 is the blow-up of P 3 at a point p with the exceptional divisor E π * O P 3 (1) 9 I 1 Table 4 21 4 π : Y → Q 3 is the blow-up of Q 3 ⊂ P 4 with center two points x 1 and x 2 on it which are not colinear with exceptional divisors E 1 and E 2 .
f : Y → P 3 is obtained by first blowing up along a line ℓ and then blowing-up an exceptional line of the first blowing-up f * O P 3 (1) 8 I 1 Table 5 1 π : Y → Q 3 is the blow-up of Q 3 ⊂ P 4 three points x i on a conic on it with
The details of the calculations are as follows.
(1) n o 4 in Table 3 . Denote by H 1 and H 2 the line bundles f * O P 1 ×P 2 (1, 0) and f * O P 1 ×P 2 (0, 1), respectively. Then L = H 2 and by ramification formula, we have
(2) n o 7 in Table 3 . Denote by H 1 and H 2 the line bundles O P 2 ×P 2 (1, 0) and O P 2 ×P 2 (0, 1), respectively. Then W = H 1 + H 2 and K W = (−2H 1 − 2H 2 )| W . It follows
(3) n o 11 in Table 3 . Denote by ξ a Weil divisor associated to O P(E ) (1) and denote by H a Weil divisor associated to π * O P 2 (1). Then we have K V 7 = −2ξ − 2H. On the other hand, we have the following equality π * c 0 (E ) · ξ 2 − π * c 1 (E ) · ξ − π * c 2 (E ) = 0.
This implies that ξ 2 = H · ξ + π * c 2 (E ). As E = O P 2 ⊕ O P 2 (1), we get c 2 (E ) = 0. It follows (K V 7 + L) 2 · L = (ξ + H) 3 = ξ 2 (ξ + 3H) + 3ξ · H 2 = 7ξ · H 2 = 7.
In fact, V 7 is the Fano manifold given in n o 35 in Table 2 in [MM81] . In particular, we can also derive the same result by the fact (−K V 7 ) 3 = 56. (4) n o 24 in Table 3 .enote by H 1 and H 2 the line bundles O P 2 ×P 2 (1, 0) and O P 2 ×P 2 (0, 1), respectively.
Then W = H 1 + H 2 and K W = (−2H 1 − 2H 2 )| W . It follows (K W + L) · L = (−2H 1 − 2H 2 + H 2 ) 2 · H 2 · (H 1 + H 2 ) = 8H 2 1 H 2 2 = 8.
(5) n o 26 in Table 3 . Denote by H a Weil divisor associated to L = π * O P 3 (1). Then we have K V 7 = −4H + 2E. It follows (K V 7 + L) 2 · L = (−3H + 2E) 2 · H = 9H 3 = 9.
(6) n o 4 in Table 4 . Denote by H a Weil divisor associated to π * O Q 3 (1). Note that we have K Y = −3H + 2E 1 + 2E 2 . It follows
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(7) n o 9 in Table 4 . Denote by E 1 the strict transform of the exceptional divisor of the first blowingup and denote by E 2 the exceptional divisor of the second blowing-up. Then we have K Y = −4H + E 1 + 2E 2 , where H is a Weil divisor associated to L. It follows (K Y + L) 2 · L = (−3H + E 1 + 2E 2 ) 2 · H = 9H 3 + H · E 2 1 = 8.
(8) n o 1 in Table 5 . Let H be a Weil divisor associated to π * O Q 3 (1). Then by adjunction formula we have K Y = −3H + 2E 1 + 2E 2 + 2E 3 . It follows
I.C. Fano threefolds of Type I: not complete intersection. In this appendix, we list the Fano threefolds of type I such that C is not a complete intersection of two members of |L|. The details were given in [MM86, §7] . For n o 13 in Table 4 , we refer to the proof of Theorem 4.3 for the construction of free splitting of −K X .
n o Y C L Type Table 3 5 P 2 × P 1 the intersection of two divisors D 1 ∈ |O(2, 0)| and D 2 ∈ |O(3, 1)| O(3, 1) I 3 6 P 3 disjoint union of a line and an elliptic curve of degree 4 O P 3 (3) I 1 9
X is the P 1 -bundle P(E ) → P 2 over P 2 , where E = O P 2 ⊕ O P 2 (2). the intersection of two divisors D 1 ∈ |O P(E ) (1)| and D 2 ∈ |O P(E ) (2)| O P(E ) (2) I 2 10 Q 3 ⊂ P 4 disjoint union of two conics O Q 3 (2) I 1 12 P 3 disjoint union of a line and a twisted cubic O P 3 (3) I 1 13 W ⊂ P 2 × P 2 is a smooth divisor of bidegree (1, 1).
the intersection of two divisors D 1 ∈ |O(1, 0)| and D 2 ∈ |O(0, 2)| O W ⊗ O(1, 2) I 2 14 V 7 is the P 1 -bundle π : P(E ) → P 2 over P 2 , where E = O P 2 ⊕ O P 2 (1). the intersection of two divisors D 1 ∈ |O P(E ) (1)| and D 2 ∈ |O P(E ) (2) ⊗ π * O P 2 (1)| O P(E ) (2) ⊗ π * O P 2 (1) the intersection of two divisors D 1 ∈ |O(0, 1)| and D 2 ∈ |O(1, 2)| O P 1 ×P 2 (1, 2) I 1 22 P 1 × P 2 a conic in t × P 2 (t ∈ P 1 ) O P 1 ×P 2 (1, 2) I 1 23 π : V 7 → P 3 is the blow-up of P 3 Table 4 2 Y is the P 1 -bundle π : P(E ) → P 1 × P 1 over P 1 × P 1 , where E = O ⊕ O(1, 1).
the intersection of two divisors D 1 ∈ |O P(E ) (1)| and D 2 ∈ |O P(E ) (2)| O P(E ) (2) I 2 3 P 1 × P 1 × P 1 the intersection of two divisors D 1 ∈ |O(1, 1, 0)| and D 2 ∈ |O(1, 1, 1)| O(1, 1, 1) I 1 5 P 1 × P 2 two disjoint curves C 1 and C 2 such that C 1 is an intersection of two divisors D 1 ∈ |O(1, 2)| and D 2 ∈ |O(0, 1)| and C 2 is a complete intersection of two members of |O(0, 1)| O(1, 2) I 1 6 P 3 disjoint union of three lines O P 3 (3) I 1 7 W ⊂ P 2 × P 2 is a smooth divisor of bidegree (1, 1) two disjoint curves on it of bidegree (1, 0) and (0, 1) O W ⊗ O(1, 1) I 1 8 P 1 × P 1 × P 1 a smooth curve of tridegree (0, 1, 1) O(1, 1, 1) I 1 24 P 1 × F 1 t × E, t ∈ P 1 and E is an exceptional curve of the first kind on F 1 t × F 1 + P 1 × (E + F) 1 I 1 12 f : Y → P 3 is obtained by first blowing up P 3 at a point p and then blowing up along the proper transform of line ℓ passing through p.
the fiber of f over a point q = p f * O P 3 (1) I 1 13 P 1 × P 1 × P 1 an intersection of two divisors D 1 ∈ |O(1, 1, 0) and D 2 ∈ |O(2, 1, 1)|. O(2, 1, 1) I 2 Table 5 2 φ : Y → P 3 is the blow-up along two disjoint lines.
two exceptional lines ℓ and ℓ ′ of φ such that ℓ 1 and ℓ 2 lie on the same exceptional divisor of φ. φ * O P 3 (2) I 2
